In the context of phase estimation with Gaussian states, we introduce a quantifiable definition of metrological advantage that takes into account thermal noise in the preparation procedure. For a broad set of states, isotropic non-pure Gaussian states, we show that squeezing is not only necessary, but sufficient, to achieve metrological advantage. We interpret our results in the framework of resource theory, and discuss possible sources of advantage other than squeezing. Our work is a step towards using phase estimation with pure and mixed state to define and quantify nonclassicality. This work is complementary with studies that defines nonclassicality using quadrature displacement estimation.
I. INTRODUCTION
In recent years, advances in our understanding and capacity to manipulate quantum states have opened new promising technological avenues, especially in the field of computation, communication, or metrology. In metrology especially, it was already suggested in the 80s [1] that non-classical correlations between photonic probes could be used to reduce the photon counting error, or shotnoise. Such metrological advantages are now firmly established, both theoretically and experimentally, on various platforms [2] [3] [4] [5] [6] . For instance, a phase estimation protocol involving N uncorrelated probes will be limited by an error scaling at most like
, the so-called Standard Quantum Limit (SQL). With quantum-correlated probes, however, it is possible to beat this limit and to reach the Heisenberg limit 1 N . If the number of probes is fluctuating (which is the case, e.g., if light is used in an interferometry experiment), the SQL bound is 1 √ N , withN the total particle number operator.
Reversing the perspective, the ability to perform tasks intractable by classical means can also be used to define nonclassicality. In particular, several recent works have studied how metrological advantage could be used as a quantifier of nonclassicality of continuous-variable states [7, 8] . These nonclassicality quantifier can be used, for instance, to establish formal limitations on state preparation procedures. These works have focused on quadrature displacement estimation, which involve linear combination of the field quadratures. Experimentally, however, the most relevant metrological protocols are phase estimation protocols such as interferometric schemes, which involve quadratic combination of the field quadratures. This begs the questions: what is the link between nonclassicality and phase estimation advantage ? Could the latter be used to quantify the former?
To gain intuition on these challenging issues, it is essential to understand precisely which states allow to achieve metrological advantage. An important step in this direction was made in [9] , where, for fixed number of probes, the set of pure states which achieve phase estimation advantage has been completely characterized. Significantly, it was found that entanglement was not sufficient to guarantee an advantage. To the best of our knowledge, however, no such characterization has been made in the case of a fluctuating number of probes and noisy protocols, which is relevant for most experiments.
The presence of noise in the protocol is a particularly significant issue. Numerous works [10] [11] [12] [13] [14] [15] [16] have studied the maximum precision attainable in noisy interferometric scheme (for instance, when photon loss is present in the interferometer). It was proven that Heisenberg limit becomes unattainable under very general noise condition. Similarly, it is critical to consider imperfect state preparation by studying mixed input states in addition to pure ones. In this case, however, metrological advantage become harder to define, since even classical states can not reach the SQL any more.
In this work, we tackled this issue by explicitly introducing preparation imperfection in the definition of metrological advantage. We studied this quantity for a broad class of mixed photonic input states, isotropic Gaussian states. We found that squeezing is both necessary and sufficient to achieve metrological advantage. This manuscript is organized as follows: in Section II, we introduce the protocols and states we considered. In Section III, we introduce the notion of Finite Temperature Quantum Limit or FTQL, which is a generalization of SQL taking thermal noise in the preparation stage into account. We characterize the states that achieve sub-FTQL error, showing that squeezing is both necessary and sufficient to beat this limit. We also show this property is no longer true in single-mode interferometry. In Section IV, we discuss the interpretation of our findings in two different contexts. First, we study whether our work may be rephrased in the resource theory framework [17, 18] . We find many of our results fit in this framework ; however, there are also interesting differences. Second, we review other possible sources of metrological advantage, particle entanglement [4, 19] and photon number superposition, and their link with squeezing and our results. Finally, we conclude in Section V.
FIG. 1: a)
Schematic depiction of the metrological setup. The input stateρ is modified by a unitaryÛ , sent inside the interferometer, then measured. We also consider a perfect phase reference (red dotted line) which allows to make homodyne measurements. b) Different possible configurations forÛ .Ĵ z rotations are only phase differences. A rotation e iφĴx corresponds to a beam splitter with transmission coefficient cos φ 2 (which can also be emulated with phase-shifters and balanced beam-splitters). The Mach-Zehnder in a) is described by a rotation e iφĴy ; such an operation can also be directly implemented with an unbalanced beam-splitter as displayed in b) . In all figures, we have omitted additional π 2 phase shifts for readability.
II. SETUP A. Protocol
We consider the estimation of a phase difference x between both arms of an optical Mach-Zehnder interferometer. This simple but paradigmatic setup is relevant for various experimental protocols such as gravitational wave detection [3, 20] , and the same formalism may be used in atoms-based metrology [2, 6, 21] . It has also been argued [22] that some multi-channel protocols can be reduced to a series of two-channel interferometers. We will allow for all measurements, including homodyne measurements on both arms, which require a perfect phase reference.
Let us note first that with different configurations of the interferometer (for instance, different reflexivity of the beam-splitters), the precision of the estimation may be different. We model these changes by the addition of a unitaryÛ before the interferometer: See Figure 1 . We will considerÛ that are Passive Linear Operation (PLO), i.e., that can be implemented using only phase-shifters and beam-splitters.
Note that one-mode Gaussian phase estimation can also be studied in this setting; it corresponds to sending the vacuum in one arm, removing the beam-splitter (which can also be described by adding a suitableÛ ), and performing homodyne detection.
PLOs are readily available experimentally; thus, any change ofÛ resulting in an increase in precision could hardly be considered a metrological advantage. To single out the effects of the input state properties on the estimation precision, we will optimize the precision over U .
Formally, one can define the operatorsĴ z =â
, whereâ i (â † i ) is the photon annihilation (creation) operator in the i-th arm (with i = 1, 2). These quantities verify the commutation relation [Ĵ a ,Ĵ b ] = i abcĴc , with abc the totally antisymmetric tensor. PLOs can be described as rotations generated by these operators: see Figure 1 . Without loss of generality, we may writeÛ = e iu.Ĵ witĥ J = (Ĵ x ,Ĵ y ,Ĵ z ) and u = (u x , u y , u z ). The Mach-Zehnder interferometer may be described by a rotation e −ixĴy (for the sake of clarity, we have omitted here additional π 2 phase-shifts which have no influence on the analysis).
Thus, a stateρ 0 sent into the interferometer evolves into the state:ρÛ
Measuring observables onρÛ x then allows to estimate the phase x. When optimizing the choice of observable and parameter reconstruction, and repeating the experiment independently n times, the estimation error, δ x , is bounded by the Quantum Cramer-Rao bound:
where I F (ρÛ x ) is the Quantum Fisher Information (QFI), defined as:
LÛ x is the symmetric logarithmic derivative, defined as:
where the dot denotes derivation with respect to x. Note again that the QFI is meaningful only if all measurements are allowed, including homodyne measurements. For one-parameter estimation, the Quantum CramerRao bound is attainable. We then define the metrological capacity of a stateρ 0 as the best precision one can achieve by optimizing the PLO operationÛ . Formally:
Note that this quantity may also be seen as the maximum eigenvalue of the QFI matrix [16, 23, 24] corresponding to the simultaneous estimation of three rotation angles around theĴ z ,Ĵ x ,Ĵ y axis. [25] .
Since (4) is an implicit equation, findingLÛ x and I F is generally a highly non-trivial task; in all generality, finding the QFI is as difficult as state diagonalization. The problem, however, can become tractable for specific classes of states. The best-known of such states are Gaussian states, i.e., states with Gaussian Wigner function. Because of their experimental availability, a vast body of work has been published on Gaussian states in the context of metrology: see, i.e., [26] [27] [28] [29] [30] [31] [32] [33] [34] . In what follows, we will consider Gaussian inputρ.
B. Parameterization of Gaussian states
For our purpose, it is paramount to find a proper parameterization of the inputρ; this is the aim of the present subsection.
Any Gaussian state may be obtained by applying socalled Gaussian operations on a thermal state [30, 35] :
whereĜ is a Gaussian (unitary) operation, andρ
, with k the Boltzmann constant, T i the temperature, Z i the partition function and ω i the frequency of the i-th mode. Gaussian operations include displacement, squeezing, mode-mixing, phase-shifting, and composition thereof. Any Gaussian operation can be decomposed as:Ĝ
HereD is a displacement operationD(γ) = e γ.â † −γ.â , whereâ
T and the bar denotes complex conjugation.R i (φ) = e iφâ † iâ i denotes phase-shifting of the i-th mode, B(θ) = e 2iθĴy stands for mode-mixing,R as (ψ) =
represents squeezing of mode i by a real parameter r i . We also define α, φ d1 , φ d2 such that:
The thermal statesρ
th (T i ) are fully parameterized by the parameters:
We refer to these as symplectic eigenvalues (See Appendix A for more details). We have ν i ≥ 1, with equality if and only if T i = 0. The set of symplectic eigenvalues associated with a given Gaussian state is unique.
Note that we have Tr ρ 2 0 = 1 ν1ν2 . Hence, the impurity of a two-mode Gaussian state can be seen as thermal noises on both modes (this also holds true for multi-modes Gaussian states).
We will impose the further condition ω 1 = ω 2 and T 1 = T 2 = T (and hence ν 1 = ν 2 = ν). Such states we call isotropic Gaussian states. Those states are relevant when the two arms are submitted to identical and independent noise sources, which is well motivated experimentally. For these states, we may set θ 1 = ψ 1 = 0 without loss of generality (See Appendix A).
Hence, all isotropic Gaussian states can be described by the following set of parameters:
States with r 1 = r 2 = 0 are displaced thermal states; we can generically call all the other states squeezed states. Note that this definition of squeezing is not exactly identical to the usual quantity defined using quadrature variance (or spin variance for atoms, as measured by the Wineland criterion [36] ). Rather, squeezed states are defined here as states that cannot be generated using only thermal states, displacement operations and PLOs. This definition of squeezing was first put forward by Simon, Mukunda, and Dutta in [35] .
Applying the operatorÛ then amounts to changing the parameters of the input state with some constraints, the most prominent of which being that the total photon number N is conserved. For completeness, we give here the expression of this number:
. For a displaced thermal state, this reduces to |γ| 2 + (ν − 1).
III. FTQL AND METROLOGICAL ADVANTAGE
A. Definition of FTQL and metrological advantage
To have a working notion of quantum metrological advantage, it is key to properly identify an ensemble of "classical" states. The maximum precision attainable using those states serves as a threshold upon which the notion of advantage may be built. For (isotropic) Gaussian states, displaced thermal states are good candidates to define the reference.
Usually, the metrological advantage would be defined by taking a pure coherent state with the same average number of photons N as the stateρ 0 under investigation. Such a state has a metrological capacity I opt F = 4 N = 4Tr(Nρ 0 ): this value is the SQL. Then, we can say that a stateρ 0 achieve metrological advantage if I F (ρ 0 ) ≥ 4Tr(Nρ 0 ), irrespective of its temperature. This definition is relevant, for instance, when the average number of photons is fixed by experimental constraints, but thermal noise is not. Then, we may act on both squeezing and thermal noise to achieve higher-than-SQL precision.
By contrast, here, we are going to include explicitly the thermal noise in the definition of the reference. Specifically, for every stateρ 0 , the reference state is an isotropic displaced thermal stateĥ ref (ρ 0 ) with the same N and the same ν asρ 0 . This definition is particularly relevant in situations where both average photon number and thermal noise are set by external constraints. The reference state has a metrological capacity I opt − 4. This bound we call the FiniteTemperature Quantum Limit or FTQL. This precision increases with the number of photons, and decreases with the temperature [37] . Note that FTQL and SQL become equivalent in the limit of zero temperature (i.e. ν = 1). In what follows, we will use the shorter notation I ref
To summarize, for an arbitrary isotropic two-mode Gaussian stateρ 0 with symplectic eigenvalue ν, we define metrological advantage as:
B. Main results
We are now going to study under which conditions we have A G > 0. We have proven the following theorem: Theorem 1 Letρ 0 be an isotropic non-pure two-mode Gaussian state. Then A G (ρ 0 )= 0 if and only ifρ 0 is a displaced thermal state.
The sufficient part of this statement is trivial, since all displaced thermal states have A G (ρ 0 ) = 0 by definition. This means that given the way we have defined metrological advantage, squeezing is necessary to achieve it.
What is nontrivial is the converse: if a non-pure state is squeezed, then it has nonzero metrological advantage. If squeezing is present, no matter the amount or direction, the beam-splitters and phase-shifters ofÛ always give us enough control to exploit it. This theorem, along with our definition of metrological advantage, constitutes our main result.
The complete proof of this theorem is provided in the Appendix, we only give a sketch here.
We consider a stateρ 0 described by (ν, |γ|, α, φ d1 , φ d2 , φ 1 , φ 2 , θ, ψ, r 1 , r 2 ).
We will set θ = 0 and ψ = 0, which means we do not have two-mode squeezing: we prove in the Appendix C that all states are amenable to this form using PLOs. We made extensive use of [30] , which provides a complete expression for the QFI of a Gaussian state, and allowed us to rewrite the advantage as:
The general expressions of all the parameters are given in Appendix B. It will suffice here to give their values
). X and Y depend only on ν and the squeezing parameters, and verify X ≥ |Y | ≥ 0. Thus, there are two contributions to the metrological advantage: the first one comes from squeezing only, the second one from the interplay between squeezing and displacement. Now, our goal is to understand how, using a PLO operatorÛ on the statê ρ 0 , we may modify the values of the various parameters so as to render Eq. (9) positive.
We will first assume |γ| = 0. A simple phase-shifting operation allows to set φ 1 − φ 2 = π 2 , which gives p = 0 and o = 1; this immediately yields
The inequality is strict as soon as r 1 = 0 or r 2 = 0. Thus, we achieve advantage simply by applying a phase shift to our state prior to sending it in the interferometer. Now, if |γ| = 0, two cases are possible, depending on the value of V in (9): 
− χ (pay attention to the signs in the definition ofR and φ d1 ) and φ d2 → φ d2 + χ. The other parameters remain constant. A short calculation shows that, for χ = π 4 , V becomes positive; using |γ| ≥ |γ s |, we can readily show that the displacement-squeezing terms dominates the pure squeezing term in absolute value, which entails that
To summarize, we have a pure squeezing term and a displacement-squeezing term. Depending on the value of |γ|, one term will dominate the other (in absolute value). We have shown how, using PLOs, we can ensure that the dominant term will always be positive.
This result is valid for non-pure states. However, it also holds true for most pure states. The sole exceptions to that rule are some very specific pure squeezed states for which the FTQL may be reached, but not surpassed; see Appendix D and E for further details.
C. Exemples
Consider states of the form
This means the first arm of the interferometer holds a displaced squeezed state, while the second holds a thermal state. The relative orientation of squeezing and displacement are given by the parameter φ 1 + φ d .
For those states, we found explicitly the optimal protocol and I opt F (see Appendix D). In Figure 2 , we have plotted the evolution of
as a function of displacement |γ|, squeezing r, and temperature ν. For the sake of clarity, we display only two cases: φ 1 + φ d = 0 (displacement and noise reduction in the same direction) and φ 1 + φ d = π 2 (displacement and noise reduction in orthogonal directions).
In the case φ 1 + φ d = 0, the curves show two distinct regimes; these regimes are characterized by −4
Each of these regimes corresponds to a different optimal strategy (Appendix D). By contrast, in the case
, the optimal strategy is unique. First, we see that
tends to decrease with |γ|, before stabilizing. In the case φ 1 + φ d = 0, the advantage vanishes when |γ| goes to infinity. For φ 1 + φ d = π 2 however, we retain an advantage for even for very large |γ|. Second, the advantage increases with squeezing in both cases, which was to be expected. Finally,
also increases with the temperature. This is less intuitive, since thermal noise is usually considered detrimental for metrological estimation. It is known, however, that squeezed thermal state can actually measure a phase more accurately than pure squeezed states [31] .
Finally, to better understand the significance of our result, we made a comparison with the one-mode case. In Appendix E , we found the explicit expression of I opt F for an arbitrary one-mode state (as for the two-mode estimation, we allow both photon-counter and homodyne measurement). Very interestingly, some one-mode squeezed states perform worse than displaced thermal state for phase estimation. This difference between one-and twomode estimation comes from the additional degree of control available with two modes: one-mode states may only be transformed by phase-shifters, while two-mode states can also be acted upon by beam-splitters. This additional degree of control is the reason why squeezing can always be put to good use in the two-mode case, but not in the one-mode case.
IV. DISCUSSION
In this section, we are going to discuss possible implications of our findings and how they could be linked to other open research questions. We will first see how our work could be interpreted in a resource-theoretic framework. Then we will discuss other possible source of advantage, and how they could be linked to squeezing.
A. Resource theories
The ability to perform tasks intractable by classical means can be used to define and quantify nonclassicality. This is best captured by resource theories, an emerging formalism that gives a precise meaning to the intuitive notion of resource. Such a theory identifies free (or resourceless) states, together with free operations that cannot create or increase the resource in question. In general, these operations include free unitaries, and more generally quantum maps obtained by adding free ancillas, applying free unitaries on the whole system, then tracing out the ancillas. For instance, for entanglement, free states are separable states and free operations are local operations and classical communication (LOCC).
A resource monotone Q is then defined to quantify the resource in an arbitrary state. To be a valid quantifier, this function must verify a few important properties. In particular, it must be convex, non-increasing under free operations, and vanish for (and only for) free states. An additional condition, strong monotonicity, i.e. monotonicity under selective operation on average, is often considered [18] .
This formalism has already been used to describe various quantities such as coherence [18, 38] , asymmetry [39] , non-Gaussianity [40, 41] , or athermality and the laws of thermodynamics [17, 42] . In recent works [7, 8] , quadrature displacement estimation was studied in a resource-theoretic perspective. It was found that the performance of a state for such estimation could be used to quantify the nonclassicality of the state. Now the | | | | as a function of the other parameters. From top to bottom: evolution with |γ|, forν = 10 and various squeezing; evolution with r (in dB), for |γ| = 100 and ν = 10; evolution with ν, for |γ| = 100 and r = 10dB of squeezing. In the case φ 1 + φ d = 0, one can distinguish two distinct regimes; the optimal strategy changes when one goes from one regime to the other. question is: can advantage in phase estimation protocol be similarly used as nonclassicality measure? To make a step in this direction, we will now seek to interpret our metrological advantage A G in a resource-theoretic setting.
The definition of quantum metrological advantage provided in Eq. (8) 
Whereρ = j p jρj , andρ j are isotropic Gaussian states. Here we are only performing minimization over Gaussian decomposition; that is, if a state can be written as a mixture of Gaussian states in several different ways, we optimize only over these expressions. Note that A can be extremely challenging to compute; to the best of our knowledge, it is not even known whether the decomposition of a state into Gaussian component is unique or not. Note also that not all states can be expressed as the sum of Gaussian states. Still, A yields interesting insight on phase estimation advantage as a resource theory, as we will discuss now.
A has the following properties:
1. A(ρ) = 0 if and only ifρ is a (convex combination of) displaced thermal state, 2. A is non-increasing (actually invariant) under PLÔ U ,
A is convex:
Clearly, A possesses several properties of a resource monotone. However, our framework possesses several properties that are not so easily captured by standard resource theory. In particular, we found two operations that are traditionally considered free, but which turn out to increase A.
First, consider the following protocol: add a coherent state in a third mode, perform PLOs on the whole system, then trace out the third mode. In resource-theoretic terms, this corresponds to an interaction with a free ancilla. Normally, this is a free operation, under which the resource monotone is non-increasing. However, in Appendix F, we argue that this protocol can actually increase A G . More specifically, this protocol results in a displacement of the state, which in turns enhance both I [7] and [8] . This is because phase estimation precision can be increased by displacing the input state, but displacement estimation can not (a pure coherent state and the vacuum, for instance, have both a QFI of 2 for displacement estimation).
Second, as we have already discussed, A can increase with ν; hence, with our definitions, increasing the thermal noise is not a free operation either.
A possible way to circumvent these issues would be to renormalize the advantage by the FTQL in some way. However, in Appendix G, we show that direct renormalization is not sufficient to do this.
B. Link between metrological advantage and other non-classical features
So far, we have studied the link between metrological advantage and squeezing for Gaussian states. To conclude our work, we will now briefly discuss how other non-classical features may lead to advantage, and the relation between these quantities and squeezing.
The paradigmatic example of non-classical resource is entanglement. When trying to characterize metrologically useful states, it is natural to assume that there is a link between entanglement and metrological advantage. Quick examination, however, reveals that the situation is more complex. First of all, there are states which are clearly entangled, yet fail to achieve sub-shot-noise scaling. In [9] , Hyllus and al.. have studied extensively pure states with fixed number of bosonic probes, and exhibited an entire family of entangled state that do not achieve metrological advantage.
Second, there are states that achieve advantage yet seemingly contain no entanglement at all: a simple example is a one-mode displaced squeezed state, combined with homodyne detection.
Third, there is another, more conceptual, issue. PLOs can create entanglement in the system: a well-known example is the Hong-Ou Mandel protocol. But given their experimental availability, PLOs should be considered as free operations. Since free operations cannot create resource, this mean entanglement can not be a resource for metrology.
Lately, several authors (for instance [4] and [43] ) have shown this third issue can be circumvented by focusing on particle entanglement rather that mode entanglement. Mode entanglement describes correlations in a Fock basis, while particle entanglement describes correlations between individual photons. Consider, for instance, the state with one photon in each mode. In the Fock basis |n 1 |n 2 (with n i meaning n photons in mode i), this state reads |1 |1 and is clearly separable. In the individual photon basis, however, the symmetrization postulate imposes to write
, where |ψ a(b) i means the first (second) photon is in the mode i. Hence, this state is particle-entangled.
On the particle basis, PLOs act on each particle individually. Therefore, these operations cannot create particle-entanglement, but only "reveal" particle entanglement by turning it into mode entanglement; this is what happens in the Hong-Ou Mandel protocol. However, the amount of particle entanglement remains unchanged [44] . This connexion between mode and particle entanglement has been studied by several authors, see i.e.
[45].
However, considering particle entanglement does not solve the first two issues mentioned earlier. For instance, the states studied by Hyllus and al.. [9] are particle-entangled, and still fail to achieve metrological advantage. The physical nature of particle-entanglement and its usefulness for metrology is still the subject of debates in the literature. In [19] , for instance, the authors challenge the link between particle entanglement and metrology, and review other possible sources for advantage. (Note though that the definition of particle entanglement in this paper is not exactly the same as in [4] which we have discussed).
We will now argue that particle-entanglement may be a sufficient condition for metrological advantage in the case of non-pure Gaussian states. We formulate the following conjecture:
Conjecture 1 Ifρ is a two-mode displaced thermal state, thenρ is particle-separable.
We already now Conjecture 1 is true for pure states. To the best of our knowledge, however, no one has extended this to mixed states.
If this conjecture is true, then, using Theorem 1, we can show that particle-entanglement implies metrological advantage, when one considers bimodal isotropic Gaussian states. The condition of Gaussianity excludes the states considered in [9] ; thus this conjecture is consistent with previously known results. In Appendix H, we show that in the two-photon subspace, bimodal displaced thermal state are separable. This supports the conjecture; proving it, however, would require a full analysis of displaced thermal states in the first-quantization basis.
Even if Conjecture 1 is true, however, we still need to account for the performances of single-mode displaced squeezed state, which of course can be neither mode-nor particle-entangled. A possible origin for the metrological usefulness of these states is the superposition between different particle numbers. (In other words, we have to consider not only entanglement within the subspaces corresponding to fixed N , but also coherences between those subspaces).
A simple way to study the role of number superposition is to see what happen when it is suppressed. For massive particles such as atoms, number superposition are naturally suppressed by superselection rules (SSR). For photons we can mimic it by applying restriction at the measurement level. So far we have authorized the measure of all observables, including homodyne measurement. If we have only access to observables that commute with the total number of photons (for instance, if we have access to photon-counter but no perfect phase reference), then this is equivalent to suppressing the number superposition in the input state. This problem can be expressed in the quantum reference frame language [46] . Metrological protocols with such limitations have already been studied in specific cases, in particular for pure input state [47, 48] . It would be quite interesting to see whether Theorem 1, or a modified version thereof, still holds in that case. In Figure 3 , we have summarized the known results, and the conjectures we just formulated. We believe further understanding of the link between particle entanglement, number superposition, squeezing and metrological advantage will be important to define phase estimationbased nonclassicality quantifier that can be formulated in a resource-theory framework.
V. CONCLUSION
To better understand the link between nonclassicality and metrological advantage, we have introduced a definition of metrological advantage which takes thermal noise into account. For bimodal non-pure isotropic Gaussian states, we have demonstrated that squeezing is a necessary and sufficient condition to achieve metrological advantage. We have discussed the properties of our measure, and the challenges that remain to be overcome to achieve full-fledged resource theory of phase estimation. We hope our work will be a step towards using phase estimation as a nonclassicality quantifier.
This work focused on the role of squeezing in phase estimation. To go further, it would be interesting to study in more details the role of other quantities such as particle entanglement and number superposition. We have briefly reviewed some challenges and open questions concerning these issues. We may also generalize our study by considering multi-modes anisotropic states, or states that cannot be decomposed as a sum of Gaussian states. The key question then would be how to properly define a reference state, since in this case we cannot match a displaced thermal state with each state. Finally, we may also try to include noise at the evolution level, in addition to the preparation level.
FIG. 3:
Summary of the links between squeezing, particle entanglement, and metrological advantage, with and without SSR, for Gaussian or arbitrary states. Full arrows are established results, dotted arrows are conjectures. Our results correspond to the green arrow on the first cartoon. The third cartoon corresponds to the results of [9] . For non-Gaussian states without SSR, no general results are known to the best of our knowledge. 
Appendix A: Gaussian states in phase space
In the following, it will be very useful to work with a phase-space representation of our states, instead of the usual Hilbert space representation. We will make extensive use of the parameterization and expression developed in [30] and [31] . For a q-mode state, we can collect the creation and annihilation operators in a vector A = (â,â † ) T , withâ = (â 1 , ...,â q ). We will study the symmetric characteristic function tr[ρe
, where ξ is in C 2q and can be written like ξ = x ⊕x, and K is the so-called symplectic form, which here reads as K = 1 1 q 0 0 −1 1 q where 1 1 q is the q × q identity matrix.
For Gaussian states, the characteristic function takes a Gaussian form:
Here σ is the covariance matrix and d the displacement vector, defined as:
For a q-mode thermal state, one has d = 0 and σ = diag(ν 1 , ...ν q , ν 1 , ..., ν q ) , where ν i = cotanh( ωi 2kTi ).
In phase space, phase-shifting, beam-splitter, and squeezing unitaries act as symplectic operations Σ, i.e., 2q × 2q matrices that verify ΣKΣ † = K. These matrices define a complex representation of the real symplectic group Sp(2q,R). Under such unitaries, first and second moments transform as:
Now, let us consider the decomposition introduced in Eq. (6) and (7). If we consider these equations in phase space, we arrive at the following:
Where diag denotes diagonal matrix. These equations involve the representation of symplectic operations in phase space:
As of the symplectic eigenvalues ν i , they can be obtained by solving the usual eigenvalue problem for the matrix A = Kσ. Since K is invertible, the ν i are uniquely define for a given Gaussian state.
i ; thus, for isotropic states ν 1 = ν 2 = ν, we can simplify Eq.(A3) and obtain:
Finally, let us give the complete expression for the mean number of photons:
(Note that the modulus squared of the displacement vector, |d| 2 , is equal to 2(|γ| 2 ). Due to the unitarity of R 1 , R 2 and B, the phase shifting and mode-mixing operation preserve the trace of the covariance matrix. Therefore, we have:
Which yields:
Appendix B: Expression of the metrological advantage
For a Gaussian state, it is possible to extract exact general formulas for the QFI, see for instance [28] [29] [30] [31] . In particular, in [30] and [31] , the expression for two-mode Gaussian state evolving under the channel ρ → e −ixĴyρ e ixĴy was fully derived. We will use these expressions adapted to our case. With all the notations introduced, the QFI reads:
Where we have defined
Notice the following properties:
Now, let us express the precision reference. Using (A5), we may rewrite it as:
And we obtain after a little rewriting:
Where we have defined:
Appendix C: Proof of Theorem 1
Our goal is to prove that, by using PLOs, we can always obtain a set of parameters such that Eq.(B4) becomes strictly positive.
First, we need to understand how the application of a PLO operatorÛ allows us to control the various parameters that describeρ.Û may be decomposed using Euler's angles:Û
with a, b and c arbitrary angles. To find the optimal precision, we may directly write down the stateρ U , compute its metrological advantage, then use numerical methods to optimize this expression with respect to a, b and c.
Here, however, we will adopt a slightly more specific strategy, that will allow for analytical treatment, while remaining general enough to prove our main result.
Let us consider a state described by
. Without loss of generality, we can set r 1 ≥ 0 and r 2 ≥ 0 (any sign difference can be absorbed in the other parameters). If we apply the operatorÛ =R as (−ψ 0 + 2 ), we obtain:
According to the decomposition (A4), this means we have θ = 0, ψ = 0 and φ 1 − φ 2 = π 2 . The other parameters (α, φ d1 and φ d2 ) are also modified, in a non-trivial way.
Hence, using PLOs, all isotropic Gaussian states can be mapped to some state (ν, |γ|, arbitrary. This means we have m i = p i = 0 and o i = 1 in (B2). We can also define the corresponding values κ i , δ i , υ i , λ i . From now on, we will exclusively consider these states.
In the proof, we will need the property Z ≥ X ≥ |Y | ≥ 0, which can be easily proven using the properties of the sinh function and the fact that ν ≥ 1. We also recall m 2 +o 2 +p 2 = δ 2 +κ 2 +λ 2 +υ 2 = 1.
Let us now consider Eq.(B4) with p = m = 0. It yields:
Then three cases are possible:
• V i > 0: then (B4) is strictly positive for all |γ| and all ν. Note this case is only possible if r 1 = 0 or r 1 = 0.
• V i < 0: as before, this is only possible if r 1 = 0 or r 1 = 0. If we keep the same choice of parameters, (B4) will be positive for small |γ|, but negative for high |γ|. However, we can solve this issue by applying an additional phase-shift when the value becomes negative. More precisely, let us define |γ s | 2 = νX 2|Vi| . For |γ| < |γ s | (which corresponds either to low displacement or high temperature), our choice of parameters still yields 
Of course, the parameter p will not be equal to 0 anymore (actually, it will even be equal to 1). However, since p ≤ 1 and |Y | ≤ X, we have:
We have used −X ≥ − 2|γ| 2 |Vi| ν (since |γ| ≥ |γ s |), and V i ≤ 0. Then we have:
The last inequality is strict when V i = 0. Then (B4) is strictly positive.
• V i = 0: this is only possible in three cases, namely r 2 = κ In other words, both displacement and squeezing are zero in the second mode: we have a displaced squeezed state in the first mode and a thermal state in the second. Now, since r 2 = 0, we have Y = X. Then we have immediately:
As long as ν > 1 and r 1 = 0, then X > 0, and we have an advantage. Finally, the case r 1 = δ 2 i + λ 2 i = 0 can be mapped to the previous one by swapping both modes, which concludes the proof.
This proof works for non-pure states; however, the cases V i > 0 and V i < 0 remain the same when ν = 1. The next section deals in more details with the case V i = 0 (which we shown boils down to r 2 = θ i = α i = ψ i = 0, i.e., a displaced squeezed state in the first mode and the vacuum in the second.) This analysis was also used to produce the curves in Figure 2 .
Appendix D: Specific cases and pure states
We want to find the optimal precision for an input stateρ (1, 0) . Starting fromρ i , we apply an arbitrary PLOÛ =R as (a)B(b)R as (c), and obtain a statê ρ U . This state is described by the following set of parameters:
Straightforward calculations then yield:
withφ = φ d + φ 1 ; this parameter describes the relative orientation of squeezing and displacement.φ = 0 means displacement and noise reduction occurs in the same direction.φ = π 2 means displacement and squeezing are orthogonal.
We need now to optimize (D1) with respect to a, b and c. Three cases are possible:
Then the optimal protocol is always to set b = a = • V < 0, and −4 2 (2r 1 ) − 2 sinh 2 (r 1 ) (Which means that displacement and squeezing are roughly in the same direction, and displacement is large with respect to squeezing).
Appendix E: One-mode interferometry
We will now consider metrological advantage in onemode phase estimation. A one-mode Gaussian state may be decomposed as:D In that case, the FTQL is not even attainable.
Appendix F: Interaction with ancilla
We will consider the following operation: add a third mode occupied by a coherent state, put a beam-splitter between the first (say) and third modes, then trace out the third mode. This operation is schematically pictured in Figure 4 . If the transmittivity of the beam-splitter is weak, and in the limit where the coherent state in the third mode is strong, this operation may be approximated as a displacement of the two-mode state. Now, let us consider a state with θ = ψ = α = r 2 = 0, ν = 1, and φ 1 = −φ d1 + π 2 (displaced squeezed state in mode 1 with displacement and squeezing orthogonal, thermal state in mode 2). Then we can use the results of Appendix D to write: 2 (e 2r1 − 1 (F1) This expression is obviously increasing with |γ|. Hence, if we take this state and let it interact with an ancilla as described above, we will be able to increase |γ|, and hence increase its metrological advantage.
is independent of ν in that case, which means the normalized and unnormalized advantages will have the same ν-dependency. Thus,B G can also increase with ν.
We can also check how this renormalized quantity evolve with |γ|. Consider (D1) whenφ = It is not difficult to show that this function increases with |γ| when r 1 is large. Hence,B G can also be increased by the interaction with a free ancilla, which means it does not have all the properties of a resource monotone either.
